The Helmholtz transmission eigenvalue problem has received much concern in materials science, so it's significant to explore the efficient calculational method of the problem to mathematics and mechanics community. In this paper, based on a variational formulation proposed by Cakon, Monk and Sun, we introduce a mixed-element two-grid discretization and prove error estimates for this method theoretically. Some numerical results are presented to confirm the theoretical analysis and show that the method here is efficient.
Introduction
The transmission eigenvalue problem is a hot topic in mathematics and mechanics community because it has widely applications in materials science. For instance, the measured transmission eigenvalues can be used to estimate properties of the scatterer [1, 2] , and the transport through a quantum-scale device may be uniquely characterized by its transmission eigenvalues [3] . For that reason, there exist many researches such as [4, 5, 6, 7] for the numerical treatments of transmission eigenvalue problem.
We know that the transmission eigenvalue problem is difficult to solve because it is a quadratic and non-selfadjoint problem and its knowledge system is not covered by the standard theory of eigenvalue problems [7] . To solve the problem, [8] uses multigrid method with one correction step on each iteration, [9] applies iterative method to compute the transmission eigenvalues. Both of them transform the problem to a series of selfadjoint eigenvalue problems. However, the two-grid discretization could be used to solve non-slefadjoint finite eigenvalue problems directly. It is first introduced by Xu [10] , then popularized on many eigenvalue problems (see [11, 12, 13, 14, 15, 16, 17] ). Recently [17] utilizes a H 2 conforming element two-grid discreization to compute the transmission eigenvalues successfully. From it we know before using the two-grid discretization we need a good variational formulation firstly. At this field, Cakoni, Monk and Sun [7] bring forth a new weak formulation and make the error analysis for transmission eigenvalues of the finite element approximation. Based on the framework of [7] , we propose a mixed-element two-grid discretization to calculate these eigenvalues. Now we introduce the characteristics of our method. The main idea is to transform a eigenvalue problem to two eigenvalue problems on a coarse grid π H and two boundary value problems on a fine grid π h . And the coefficient matrices of the two problems on the grid π h are the same such that we don't need much time to assemble the matrices respectively. In addition, this method can keep fast rate of convergence which will be proved by our numerical results later. To analyse the correctness of mixed-element two-grid discretization we shall do the error estimates for eigenfunctions in norm · H 1 0 (Ω)×L 2 (Ω) . Inspired by [17] , we prove it by using Aubin-Nitsche technique and we also discuss the error estimate of eigenvalues under the condition of n ∈ L ∞ (Ω). By the way, the estimates in norm · H 1 0 (Ω)×L 2 (Ω) is very important to a posteriori error estimates which is the foundation of adaptive method.
In this paper, we need the basic theory of finite element methods of [18, 19, 20] .
Suppose that C is a positive constant independent of h, which may not be the same constant in different places. For simplicity, we use symbol a b to replace a ≤ Cb.
The finite element method
The Helmholtz transmission eigenvalue problem is:
where Ω ⊂ R 2 is a bounded Lipschitz domain, real valued function n ∈ L ∞ (Ω) such that n − 1 is strictly postive (or strictly negative) almost everywhere in Ω.
Regarding the problem (2.1)-(2.4) papers [21, 22] transform it to a quadratic eigenvalue problem: Find
Assume that there exists some constant δ > 0 such that
Then we employ some symbols from [7] , let
And we define the sesquilinear form A on (
For convenience, define Hilbert space
(Ω) with norm (u, w) H = u 2 + w 1 ( · l is the norm of Sobolev space H l (Ω)), and define
2 is equivalent to the norm · H , and H ֒→ H 1 compactly. Let
(2.9) (2.8) and (2.9) tell us that for any given (u, w) ∈ H or (u, w) ∈ H 1 , B((u, w), (v, z)) is a continuous linear form on H.
In paper [7] Monk et al. establish the weak formulation of (2.1)-(2.4): find (u, w) ∈ H and λ ∈ C such that
(2.10)
The number (λ) −1 = τ = k 2 is transmission eigenvalue. The source problem associated with (2.10) is: For any given (f, g) ∈ H 1 , find (ψ, ϕ) ∈ H such that
From Lax-Milgram theorem we know that (2.11) exists an unique solution, therefore we define the corresponding solution operator T :
Then, in operator notation, the problem of (2.10) is to find (u, w) ∈ H\{0} and λ ∈ C such that
(2.13)
Referring to Theorem 2.2 of [17] we can deduce the following result:
The dual problem of (2.10) is: Find (u * , w * ) ∈ H\{0} and λ * ∈ C such that
Note that (2.10) and (2.14) are connected via λ = λ * . Using the same method we define corresponding operator T * : 15) and (2.15) has the equivalent operator form:
It's obvious that T * is the adjoint operator of T in the sense of inner product
Let π h be a shape-regular grid of Ω with mesh size h. As the same with [7] , we use X h ⊂ H (Ω) to compute the finite dimensional problem. Let H h = X h × Y h and H h ⊂ H. The X h can be made up of one of the Argyris element, the Bell element, and the Bonger-Fox-Schmit elemnt (see [20] ). On the other hand, Y h can be built with bilinear Lagrange element or biquadratic Lagrange element [19] .
Then the finite element approximation of (2.10) is:
Consider the approximate source problem: For any given (f, g) ∈ H 1 , find
And then , the associated solution operator T h :
The equation (2.18) has the operator form:
Using the same method we can easily give the finite element approximate problem of (2.14) and define the conjugated operator T * h in the sense of inner product A(·, ·) on H h . We omit it here striving for conciseness. Now define the projection operator P
(2.24)
Utilizing (2.24), (2.12) and (2.20) we get that for any (u, w) ∈ H,
Error analysis
Throughout this paper , we suppose the following condition (C1) holds:
For the operators T and T h , we have the following important conclusions:
and when n ∈ W 1,∞ (Ω), there exists
Proof. Based on Lemma 2.1, using the method which is similar with the proof of Theorem 3.1 in [17] we can easily get the conclusions above.
As usual, we suppose λ = λ k is the kth eigenvalue of (2.10) with the algebraic multiplicity q and the ascent α (
is an eigenvalue of (2.14). Eigenvalues λ k,h , · · · , λ k+q−1,h of (2.18) will converge to λ due to the Theorem 3.1.
We define E as the spectral projection associated with T and λ k , range R(E) is the space of generalized eigenfunctions associated with T and λ. Let E h be the spectral projection associated with T h and the eigenvalues λ k,h , ···, λ k+q−1,h and let M h (λ) be the space of generalized eigenfunctions associated with T h and λ k,h , · · ·, λ k+q−1,h , it's obvious that the range R(E h ) = M h (λ) if h is small enough. On the dual problem (2.14) and its finite element approximate problem, the definitions of
and R(E * h ) are also analogous to the former.
Given two closed subspaces V and U , let
and define the gaps between R(E) and
and in · H1 by
From (C1) we know that
The following theorem has been proved by [7] with the condition of n is smooth. Thanks to Theorem 3.1, we know the error estimates also hold when n ∈ L ∞ (Ω).
The operator interpolation theory (see [19] ) tells us that the following condition (C2) holds:
and (C2) is valid. Then (3.3)-(3.5) hold with
Next, referring to [17] , we use the Aubin-Nitsche technique to discuss the error estimates in norm · H1 . We need the following regularity assumption :
where r 1 ∈ (0, 1], C p is the prior constant dependent on the equation and Ω but independent of the right-hand side ξ of the equation. Consider the auxiliary boundary value problem with the assumption of n ∈ W 2,∞ (Ω) (if ∂Ω is a convex polygon, r 1 can reach the value 1 (see [23] )):
Assume (A1) holds, then we can deduce that
The weak form of (3.11)-(3.12) is
Using (3.7) and (3.13) we get
We also need the regularity assumption (see [24] ):
where r 2 ∈ (0, 1], C p is the prior constant dependent on the equation and Ω.
The auxiliary boundary value problem is:
Assume (A2) holds, then
The associated weak form of (3.16)-(3.17):
Combining (3.8) with (3.18), we deduce that
Now we have the following lemma.
Lemma 3.4. Suppose that (C1), (C2), (A1) and (A2) are valid, then for (u, w) ∈ H, 20) where r = min{r 1 , r 2 }.
Proof. Combining (3.14) with (3.19),we know
The proof is complete. 
Let λ h be the eigenvalue of (2.18) which converges to λ ,and let (u h , w h ) with (u h , w h ) A = 1 be an eigenfunction associated with λ h ,then there exists eigenfunction (u, w) corresponding to λ, such that
Proof. In R(E) the norm · H is equivalent to the norm · H1 , and T R(E) ⊂ R(E), referring to (3.20) we know that
Combining Theorem 3.1 with Theorem 7.1 in [18] , we get
And from Theorem 7.4 in [18] we have
So we complete the proof.
If we take the same method in this section, we can deduce the error estimates of finite element approximation for the dual problem (2.14), the following results can be easily get
A mixed-element two-grid discretization
Now we use the two-grid discretization to deal with the transmission eigenvalues problem and consider its error estimates.
as the generalized Rayleigh quotient of (v, z) and (v * , z * ). Now take three steps to achieve the two-grid discretization.
Step 1. Solve (2.18) on a coarse grid π H : Find λ H ∈ C, (u H , w H ) ∈ H H such that (u H , w H ) A = 1 and Step 2. Solve two linear boundary value problems on a fine grid π h : Find (u h , w h ) ∈ H h such that
and find (u h * , w h * ) ∈ H h such that
Step 3. Compute the generalized Rayleigh quotient
Thanks to [17] we get the following lemma. 
| has a positive lower bound uniformly with respect to H.
And referring to [13, 17, 18] , we have the lemma as follow: Lemma 4.2. Let (λ, u, w) and (λ * , u * , w * ) be the eigenpair of (2.10) and (2.14), respectively. Then, ∀(v, z), (v * , z * ) ∈ H, B((v, z), (v * , z * )) = 0, the generalized Rayleigh quotient satisfies
be the numerical eigenpairs obtained by the procedure of two-grid discretization and let λ be the eigenvalue of (2.10) which is approximated by λ H . Assume that the ascents of both λ and λ H are equal to 1, and (C1), (C2), (A1), (A2) are valid, n ∈ W 2,∞ (Ω). Then there exists (u, w) ∈ R(E) and (u * , w * ) ∈ R(E * ) such that when H is properly small there hold
where r ∈ (0, 1].
Proof. From (2.20) and step 2 of the procedure of two-grid discretization we
Note that (u, w) is also the eigenfunction in R(E) which leads that (u, w) = λ −1 T (u, w). The definition of the continuous linear operator T h :
Then using Theorem 3.5 we can derive that
Now we complete the proof of (4.3), and using the same method we can prove (4.4). From (4.2), we have
We know that (u h , w h ) and (u H , w H ) approximate the same eigenfunction (u, w), (u h * , w h * ) and (u * H , w * H ) approximate the same adjoint eigenfunction (u * , w * ), and |B((u H , w H ), (u * H , w * H ))| has a positive lower bound uniformly with respect to H. So
Referring to (4.3) and (4.4) we get (4.5).
Corollary 4.4. Assume that the conditions of Theorem 4.3 hold, and R(E), R(E
* ) ⊂ H ∩ (H 2+σ1 (Ω) × H 2+σ2 (Ω)). Then (4.3)-(4.5) hold with ε H (λ) ≤ H σ , ε * H (λ) ≤ H σ , ε h (λ) ≤ h σ , ε * h (λ) ≤ h σ , σ = min{σ 1 , σ 2 }. (4.6)
Numerical results
Now we show some examples in the last section. The numerical results of finite element discretization and two-grid discretization are both presented in our experiment. In this section,
be the basis for X h and
be the basis for Y h . We define the following matrices
Then the finite element approximation (2.18) and its dual conjugated problem can be written as follows (see [7] ):
2)
and w * are similar to u and w). We use the Matlab eigs command to compute the eigenvalues and the eigenfunctions.
As for two-grid discretization, we assemble the following matrices: 
Step 1 of two-grid discretization, (u h , w h ) and (u h * , w h * ) are the solutions of boundary value problems on a fine grid π h respectively.
The final purpose is to find the scalar k ∈ C, therefore we use some symbols marking the values we get from our numerical experiment:
: the jth eigenvalue of (2.18) on π H ,
: the jth eigenvalue of (2.18) on π h ,
: the jth eigenvalue via the procedure of two-grid discretization.
We implement all computations using MATLAB 2012a on a Dell notebook PC with 16G memory. Our program is compiled under the package of iFEM [25] Example 1. We chose the unit square Ω = (−
2 ) and consider the function n(x) = 16 and n(x) = 8 + x 1 − x 2 since we can then compare the results computed here with the other literature. In addition, we add a computing example n(x) = 8 + 4|x| in the unit square.
From Tables 1-2 we see that our results are the same as the numerical results in [17] . Tables 1-3 tell us both traditional computational method and two-grid discretization have fast rates of convergence, and achieve the same convergence order in computing the eigenvalues. We also find that for real eigenvalues, as h Table 6 : The eigenvalues on the L-shaped domain, n = 8 + 4|x|. as the exact value k 1 , we plot relative error curves. As expected, Figures 1-3 tell us the convergence order satisfies the conclusion we get above. Tables 4-6 . We find that when h = √ 2 256 , the finite element discretization method is out of memory during computing, but the two-grid discretization method can finish the computational mission successfully. We infer it is due to the eigs command which may occupy much more physical memory. Therefore we believe the two-grid discreization is more advantage than the traditional one. Taking k √ 2 256 1 as the exact value k 1 , we plot relative error curves. Figures 4-6 suggest that the convergence rates are slow relatively since the smoothness of functions (u, w) is weak for the L-shaped domain.
